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Attitude Behavior of a Dual-Spin Spacecraft
Composed of Asymmetric Bodies

Kazuo Tsuchiya*
Mitsubishi Electric Corporation, Amagasaki, Hyogo, Japan

This paper deals with an attitude motion of a dual-spin spacecraft composed of asymmetric bodies. First, the
attitude stability of the dual-spin spacecraft is investigated by the method of averaging. It is clarified that the
dual-spin spacecraft has an unstable region of attitude motion due to the asymmetry of the bodies. Criteria for
the onset of the unstable motion are established. Next, nonstationary attitude motions of the dual-spin
spacecraft through the unstable region are examined by an analytical method that utilizes the WKB method. It is
demonstrated that, under certain conditions, a trap phenomenon (inability to pass through the unstable region)
may occur. Analytical criteria for the onset of the trap phenomenon are established. These results are compared
with those of digital computer simulations.

Introduction

ADUAL-SPIN spacecraft consists of two rigid bodies
connected by means of a bearing axis. One of the bodies,

the rotor, is spun at a high rate to stabilize the spacecraft. The
second body, the platform, is nearly despun so that its
payload instrument can be inertially pointed. Because of the
immediate application to communications satellites, the
investigation of the attitude motion of a dual-spin spacecraft
has received considerable attention. There exists much
literature on the effect of energy dissipations in the bodies on
the attitude motion and stability of a dual-spin spacecraft.M

A problem area of equal importance is the effect of the
asymmetry on the attitude behavior of a dual-spin
spacecraft.3'6 Despite the importance of the problem, many
of the attitude dynamics questions on the subject seem to
remain unanswered. The purpose of this paper is to discuss
the attitude behavior of a dual-spin spacecraft composed of
asymmetric bodies. First, the attitude stability of this type of
spacecraft is examined. When the spin velocity of either of the
two bodies approaches the angular velocity of a nutational
body motion, it is possible for the dual-spin spacecraft to be
unstable in its pure rotation about the axis of rotation and
permit a parametric excitation of a nutational body motion.

Now, a dual-spin spacecraft must have the capability of
despinning the platform so that its mission instruments are
inertially fixed. During the course of the despin maneuver,
this type of spacecraft will pass through the unstable region.
The nonstationary attitude behavior of the dual-spin
spacecraft in passing through the unstable region is studied.
Under certain conditions, the spacecraft cannot pass through
the unstable region and a trap phenomenon will occur. Scher
and Farrenkopf have also discussed a trap phenomenon that
was encountered while despinning the platform.5 The trap
phenomenon treated here is different from the trap
phenomenon treated in Ref. 5. The latter phenomenon
requires an asymmetry on one body and a dynamic imbalance
on the other and occurs when the nutation rate of the
asymmetric body equals the relative spin rate. On the other
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hand, the former requires only asymmetry on the rotor and
occurs when body nutation rate of the rotor vanishes.

Equations of Motion
The dual-spin spacecraft chosen for this study is shown

schematically in Fig. 1. The system consists of two asym-
metric bodies A and B. A relative motion between bodies A
and B is restricted to rotation about a common axis. The mass
centers of bodies A and B lie on the axis of rotation, and the
axis of rotation is a common principal axis of the two bodies.
Let us introduce two sets of reference axes (Alt A2, A3) and
(Blf B2, B3). The reference axes (AlfA2, A3) and (Blt B2,
B3) are fixed along the principal axes of body A and B,
respectively. The origins of the two reference axes are fixed on
the mass center C of the spacecraft. The A3 and B3 axes
coincide with the axis of rotation. The angular velocity of the
body A is denoted by (a>7, a>2, co5) in the reference axes (AIt
A2, A3). The relative rotation of body B with respect to body
A is denoted by angle </>. Then, equations of motion for the
system in a free space are written in the form

r d
— —

j

r dAS — — (a),sin2

— (to, cos2 0 + u2 sin2<t>) a) 3\ (2)

(3)

(4)

(5)

where

A f l=(/ f l , -
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T is the component of the angular velocity of body B along the
B3 axis; IA , IA2, !AS are the moments of inertia of body A
about Aj, A2, A3 axes, respectively;/^, /£2, 7flj are the mo-
ments of inertia of body B about BJt B2, B3 axes, respec-
tively; and 77 is the sum of motion and friction torque applied
to body B about B3 axis.

Attitude Stability
Let us now investigate the effect of asymmetry of bodies on

the attitude stability of a dual-spin spacecraft. We shall
suppose here that 17 = 6; the motor torque is designed to
counteract a bearing friction only. The asymmetry of bodies
contributes something of particular importance when the
following conditions are satisfied:

Casel

Case2

(6)

(7)

Case 1 corresponds to the case where the spin velocity of body
A is near the angular velocity of a nutational body motion,
whereas case 2 corresponds to the case where the spin velocity
of body B is near the angular velocity of a nutational body
motion. First, let us study case 1. Introduce new variable a by
the equation

= — i(a — a*) (8)

where a* is a complex conjugate of a. Substitution of Eq. (8)
into Eqs. (1-5) leads to

(9)

(10)

(11)

(12)

r)[d* + i(2T-u3)a]ei2*

u3 = -2i(AA/IA3)(a2-a*2)

t=-2i(AB/IB3)(a2-a*2)ei2*

Let us suppose here that the parameters AA/I and A f l/7 are
small. Then, we can conclude from Eqs. (9-12) that the
variables a, co5, and F are slowly varying functions because
the right-hand sides of Eqs. (9), (10), and (11) are small, while
the variable </> varies relatively rapidly. Hence, solutions of
Eqs. (9-12) are established by using the method of averaging
applied to a system containing both slow and rapid motions.7

The first approximate solutions can be obtained as follows:
First, Eq. (12) is solved with a, co5, and F being constant:

(t>=(T-u3)t (13)

Then, substituting this solution into Eqs. (9), (10), and (11)
and averaging over the period TT/ (F — co5), we obtain the first
approximation equations for a, co3, and F in the form

(14a)

(14b)

(14c)

Equations (14) can be found to have a steady-state solution,
which corresponds to a pure rotation:

a = a0

(a constant)

(a constant)

(15a)

(15b)

(15c)

Then, let us consider the stability of the steady-state solution.
Perturbed motions in the neighborhood of the solution are
expressed in the form

(16)

where dar, dajf 6co5, and 6F are perturbations. Substituting
Eqs. (16) into Eqs. (14) and neglecting higher terms, we obtain
the nontrivial variational equations

ddr=[(IA3/I-l)u30+(IB3/I)r0]dai-(AA/I)u30dal (17a)

ddi=-[(IA /I- IB /I)r0]dar-(AA/I)u30dar
(17b)

The characteristic equation of Eqs. (17) is as follows:

Stability requires that roots of the characteristic equation
must not have a positive real part:

For case 2 the calculations can be carried out in a similar
manner. The necessary and sufficient condition for the
stability of a pure rotation is derived as

When condition (19) is not fulfilled, a pure rotation becomes
unstable due to the asymmetry of body A, while instability of
pure rotation due to the asymmetry of body B will occur when
condition (20) is not fulfilled. Conditions (19) and (20) are
always met in the absence of asymmetry; i.e., AA =A# = 0.

Next, let us consider the behavior of the unsteady attitude
motion of the spacecraft, which is established as a result of
the instability of a pure rotation. We shall here confine
ourselves to unsteady motions of the spacecraft, which
correspond to the instability due to the asymmetry of body A.
Introducing new variables R and 0 by the equation

a = Reie

and substituting into Eqs. (14), we obtain

R=-(AA/I)Ru3 sin20

From Eq. (25)

(21)

(22)

^ /7)co,cos20 (23)

u3=4(AA/I)R2sin20 (24)

(25)

(26)

f = 0

Using Eqs. (22) and (24), we obtain, upon integration, an
integral of motion

(27)

where C0=R2+ ^coj, and /?, and co5/ are initial values of R
and co5, respectively. Another integral of motion follows from
Eqs. (23, 24, 26, and 27):

(IA3/D(IA3/I-l)<*2
3/2+(IA3IB3/I2)r0o3

+ 2 ( A A / I ) [ C 0 - ( I A 3 / I ) < J > 2 / 4 ] c o s 2 0 = CI (28)
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BODY B

BODY A

Fig. 1 Spacecraft configuration.

o.oo
T(RAD/S)

where

Fig. 2 Trajectories of the system in RO plane.

= (IA3/I)(IA3/I-l)u2
3i/2+(IA3IB3/I2)roa3i

7) [C0-(IA3/I)^2
3i/4]cos26i

and 0, is an initial value of 6. Figure 2 shows some examples of
the curve (28) where the system parameters are 7^/7=0.8,
7fl /7= 0.4, A,, 77= 0.1, and /?0 = 0.01 rad/s:

1)
2)
3)
4)
5)

a>3/ = 1.0 rad/s
u3l=4.5 rad/s
u3l; = 1.5 rad/s
w5/ = 2.0 rad/s
0)^=3.0 rad/s r,=

1.0 rad/s
1.0 rad/s
1.0 rad/s
1.0 rad/s
1.0 rad/s

(stable case)
(stable case)
(unstable case)
(unstable case)
(unstable case)

In the stable cases small initial values of R lead to relatively
small maximum values of R. On the other hand, in the un-
stable cases small initial values of R build up to larger values.
The profiles of R show a sinusoidal form with long period.

Nonstationary Attitude Motion
through the Unstable Region

Let us now investigate the nonstationary attitude behavior
of the spacecraft passing through the unstable region. We
shall here confine ourselves to the nonstationary attitude
motion of the spacecraft passing through the unstable region
due to the asymmetry of body A. In this case the asymmetry
of body B has little effect on the attitude motion; the
asymmetry of body B may be ignored. We shall suppose here

</>\o
cr

REGION IE

(RAD/S)

Fig. 3 Nonstationary attitude motion through unstable region.

that A^ >0. Furthermore, we shall suppose that the torque 77
is small. Neglecting the terms containing the asymmetry of
body B in Eqs. (1-5), we obtain

(29)

(30)

(31)

(32)

where /i = 7^r, the component of angular momentum of
body B along the B3 axis.

Now, let T] <0, so that we have the despin maneuver of body
B. The despin maneuver of body B corresponds to a
movement of the system in Fig. 3b from initial state to final
state. Let us suppose that the system starts at some point in
the stable region (region I). As h decreases, the system reaches
a region of instability (region II); further decrease of h brings
the system out of this region (region III). A nutational body
motion is at first damped. Then, reaching region II, it begins
to be amplified. This continues until region III is reached,
whereupon the nutational body motion is again damped. We
begin by examining small nutational body motions; i.e., the
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quantities a>7 and co2 are small. From Eq. (32)

(33)

where /z, is an initial value of u3. Substituting Eqs. (33) and
(34) into Eqs. (29) and (30), we obtain

(34)

where o>5/ is an initial value of o>3. Substituting Eqs. (33) and
(34)into Eqs. (29) and (30), we obtain

=0 (35a)

(35b)

where

=o,0(/i-/i,) a2=oi20(*h-H2)
aw=(I-AA)/((I+AA)IA3]

H2=[1-IA3/(I+AA)]H0

Equations (35) become linear ordinary difference equations
with slowly varying coefficients. In order to obtain asymp-
totic solutions of Eqs. (35), we will employ the method of
multiple scales. 8 The time scales, 0,, 02, and h are introduced:

(36)

where X, are the roots of X2 + OL,OL2 = 0.
In addition, we assume that an asymptotic expansion of the

solution of Eqs. (35) in the form
oo oo

(37b)
n = 0

Substituting Eqs. (37) into Eqs. (35), equating the coefficients
of exp (0,) to zero, and equating like powers of 77, we obtain
equations to determine successively ^4/A,, A2n, B]n, B2n:

\Bio-a2Ai0 =

\iBi]-a2Ai] = - —Bi0

(1=1,2) (38)

(39)

From Eqs. (38)

(40)

Substitution of Eqs. (40) into Eqs. (39) and eliminating the
terms that produce secular terms in Eqs. (39) yields

The solution of Eq. (41) is

Ai0=(\\i\»/\a2\»)AiOC (i=l,2) (42)

where Aioc is a constant. Then, from Eq. (40)

Bi0=(\\, I **/ lc*2 I * ) (a2/\i)AiOC (i = 7,2) (43)

Therefore, to the first approximation, co, and co2 are given by

+ ( I A2 I * / I a2 I 1/2 )A20Ce02 (44a)

Here, it is worthwhile to note that these solutions are inap-
plicable near the turning points hl and h2 ( / z 7 > / z 2 ) , which
are given by dja2=0. Equations (44) show that co; and o>2 are
oscillatory in a region where a1a2>0, while they are ex-
ponential in a region where o:7a2 <0. In Fig. 3b, the quantities
co7 and co2 behave oscillatory in a stable region (regions I and
III), while they behave exponentially in an unstable region
(region II).

Region I (h2<h):

o>7 = la, I '/2/(\OLjOi2 I ) * [a7cos(07 +ir/4)

(45a)

(45b)

(45c)

(46a)

(46b)

(46c)

Region II (h}<h<h2):

w7 = la, I **/( Ia,a2 I ) * (a2ee2 +b2e~d2 )

u2=\a2\ 'A/(\a1a2\)'/<(-a2ee2 +b2e~e2)

02=\ ( \a]a2\)»ri-1dh
J H2

Region III (h<h}):

co, = I a, I * / ( l a , a 2 l ) " [a3cos(03

-b3sm(B3+v/4)]

o>2= Ia 2 l l / 2 / ( \ o i j a 2 \ ) l/4 [-a3si

(47a)

(47b)

(47c)

Since these expressions are asymptotic forms of the same
solution of a linear system (35), there must be linear relations
between the coefficients (a,, b2) (a2, b2) and (a3, b3).
These relations can be obtained by using the method of
matched asymptotic expansions.8 We shall first determine the
relations between (a,, b,) and (a2, b2). We may calculate
the relations by considering the solution of Eqs. (35) near
turning point H2. Near the turning point h2, a, =a, (H2) and
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a2=oi20(h-h2). Then, Eqs. (35)become

or

&]+oi20oi](h2)(h-h2)u}=0

Introducing new variable j> by the equation

we obtain

——
Ay2

The solution of Eq. (51) is given by

co, =c2A,[- \a20a,(h2) I y'y] +d2Bi[ - \a20a l (h2) I

where A j ( z ) and B, (z) are the first and second kinds
functions, respectively. For large y, the solution (52)
following asymptotic expansions:

\a20a] ( h 2 ) I »y3'2+j/4]

1 OL20aj (H2)\ I/2y3/2

(48a)

(48b)

(49)

(50)

(51)

(52)

of Airy
has the

(53)

x ( (c2/2Vi)exp[(- 2/s) Ia20a, (H2) \ I/2 \y\3/2}
(y<0) (54)

The solutions (45) and (46) are also expressed in terms of y in
the form

Region I 0>>0):

= « ' < ' > *
% ^

From Eqs. (57), we obtain the relations between (a},
and (a2y b2):

b2=a1/2 a2=-bj (58)

Near the turning point /zy , the calculations can be carried out
in an entirely similar manner; the relations between (a2, b2)
and (a3, b3) are derived as follows:

a3 =2a2eT2i b3=b2e~T2i (59)

where

= f
J

7

According to the above results, neglecting small quantities, we
can express a3 and b3, the coefficients of the solution in
region III, in terms of a; and b}, the coefficients of the
solution in region I:

b3=0 (60)

The amplitude RM of the residual nutational body motion
during its passage through the region of instability, which is
defined by [ ( I a 2 / a / l ) 1/2u2

1 + (\ot]/a2 I ) l/2u2
2} 1/2 is given by

(61)

where Rt is the amplitude of an initial nutational body
motion. Figure 4 shows the amplitude RM of residual
nutational body motion as a function of A^ // for some values
of 77; the system parameters are T^/T^O.S, IB3/I=QA,
H0/I= 1.0s-1 , and Rt = 0.01 rad/s:

1) 17/7=0.003 s ~ 2

2) 77/7=0.006 s- 2

3) r7/7=0.009 s-2

4) 77/7=0.012 s-2

Let us now consider the phenomena that occur when a
nutational body motion begins to be amplified. The increase
of a nutational body motion may have a considerable effect
on the behavior of the system. Increase of nutational body
motions leads to the appearance of a trap phenomenon

Region II (y <0):

+ b2exv[-(yi)\ci20<x1(h2)\l/2\y\3'2}}

(55)

(56)

The matching principle demands that Eqs. (53) and (55), and
Eqs. (54) and (56) be equal:

\<xj(h2)\" _ \<*20<*l(h2)\-1'12
c _2\<x1(h2)\l/< b

(57a)

~ \<*i(h2)\" . _ \oi20a1(h2)\-1/12 ^ _ \a](h2)\l/\

(57b)
^0.00

i —
0.04 0.08 0.12

-I ——— I
0.16 0.20

Fig. 4 Region of occurrence of a trap.
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The trap condition can be given by

TRAP REGION

i ——— i ——— i ——— i ——— i ——— i ——— I ——— i ——— i
~0.00 0.04 0.08 0.12 0 - 1 6 0 - 2 0

A / I

Fig. 5 Amplitude RM of residual nutational body motion.

(inability to path through an unstable region). Substituting
solution (46) in region II into Eq. (31), we obtain

(a2e2e2 -b2
2e (62)

where the first term on the right gives the reaction torque due
to nutational body motions. When the right-hand side
becomes negative, the angular velocity of body A ceases to
increase in the course of time; i.e., the system is trapped ^in
region II. The criterion under which the trap may occur is
given by the formula

(63)

The limiting curve is shown in Fig. 5 for the case where
7^/7=0.8, IB II = 0.4, A7 / /=0.1, 770/7=1.0 rad/s, and
/?,= 0.001 rad/s. Finally, let r/>0; the system starts at some
point in region III and reaches region I.

Repeating the calculations given above, we have the
solutions to the problem. The amplitude RM of residual
nutational body motions is given by

(64)

where
2,

HJ

(65)

This condition does not hold; in this case the trap
phenomenon does not occur. In order to compare these
results, numerical investigation has been made on the basis of
Eqs. (29-32). Figures 3 show some examples of the attitude
behavior in passing through the unstable region. In the case
where a driving torque is sufficiently large, the spacecraft can
pass through the unstable region (cases 1, 2). On the other
hand, when an undersized torque motor is used, the
spacecraft cannot pass through the unstable region; i.e., a
trap occurs (case 3).

Conclusion
The attitude behavior of a dual-spin spacecraft composed

of asymmetric bodies has been investigated. It has been
clarified that this class of spacecraft has an unstable region
due to the asymmetry of the bodies. Nonstationary attitude
motions in passing through the unstable region have been
examined by an analytical method that utilizes the WKB
method. It has been found that, under certain conditions, a
trap phenomenon may occur. In order to avoid the trap
phenomenon, the following practices are recommended:

1) If the transverse moments of inertia of a rotor differ
significantly, a powerful motor should be used.

2) A nutational body motion should be completely damped
at the beginning of the despin maneuver.
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